Spectral analysis of a boundary value problem (BVP) consisting of a second-order quantum difference equation and boundary conditions depending on an eigenvalue parameter with spectral singularities was first studied by Aygar and Bohner (Appl. Math. Inf. Sci. 9(4): [1725][1726][1727][1728][1729] 2015). The main goal of this paper is to construct the principal vectors corresponding to the eigenvalues and the spectral singularities of this BVP. These vectors are important to get the spectral expansion formula for this BVP.
Introduction
Many areas including mathematical physics, engineering, economics, and quantum mechanics need the spectrum of differential and discrete operators to solve some problems. Therefore, many authors have investigated the spectral analysis of differential and discrete operators [-] . Because of the developments in quantum calculus, quantum difference equations became a popular topic for mathematicians. In addition to differential and discrete equations, the spectral theory of quantum difference equations has been treated in the last decade [-] . Hereafter, we let q >  and use the notation q N  := {q n : n ∈ N  },
where N  denotes the set of nonnegative integers. Let us consider the BVP consisting of the second-order q-difference equation
qa(t)y(qt) + b(t)y(t)
+ a t q y t q = λy(t), t ∈ q N , and the boundary conditions
where {a(t)} t∈q N  and {b(t)} t∈q N are complex sequences, λ is a spectral parameter, a(t) =  for all t ∈ q N  and γ i , β i ∈ C, i = , . We will introduce the Hilbert space of complex-valued functions satisfying f , f q < ∞, with respect to the inner product
, where μ(t) = (q -)t for all t ∈ q N . Furthermore, we will denote the q-difference
with the boundary conditions
, it is proved that the operator L has a finite number of eigenvalues and spectral singularities with finite multiplicities under the condition
The set up of this paper which is an extension of [], settled as follows: Section  is about the results which are proved in [] and will be used in next section. In Section , we obtain principal vectors corresponding to eigenvalues and spectral singularities of L, and give some properties of them. This paper will be valuable for readers because principal vectors that we obtained corresponding to the eigenvalues and spectral singularities are important to find the spectral expansion of the operator L. It is also important to investigate the effects of spectral singularities to this expansion of L.
Properties of eigenvalues and spectral singularities of L
Assume (.), then the equation (ly)(t) := λy(t), t ∈ q N has the solution
for λ =  √ q cos z and z ∈ C + := {z ∈ C : Im ≥ }, where α(t) and A(t, r) are expressed in terms of {a(t)} and {b(t)} as
for r ∈ q N and t ∈ q N  . Moreover, A(t, r) satisfies
is the integer part of ln r  ln q and C >  is a constant. Therefore, e(·, z) is analytic with respect to z in C + := {z ∈ C : Im z > } and continuous in C + . Let us define the function f using (.) and the boundary condition (.)
The function f is analytic in C + , f (z) = f (z + π), and continuous in C + . If we define semistrips P  = {z ∈ C + : -
, and from the definition of eigenvalues and spectral singu-
where σ d (L) and σ ss (L) denote the set of eigenvalues and spectral singularities of L, respectively. Using (.) and (.), we obtain
If we define F(z) := f (z)e iz , then the function F is also analytic in C + and continuous in C + , and F(z) = F(z + π). It follows from (.) and the definition of F that
Definition . The multiplicity of a zero of F in P is called the multiplicity of the corresponding eigenvalue or spectral singularity of L.
It was found in [] that under the condition (.), F has a finite number of zeros in P with finite multiplicities, i.e., the operator L has a finite number of eigenvalues and spectral singularities with finite multiplicities.
Principal vectors of L
Let us define the functions E(t, λ) := e(t, arccos
and arccos 
The properties of the function F in P, which were obtained in [] , give the following. Now, we define the vectors for λ =  √ q cos z, z ∈ P,
Furthermore, if y(λ) = {y(t, λ)} t∈q N is a solution (ly)(t) = λy(t), then we get
Using (.) and (.), we have, for k = , , . . . , m j - and j = , , . . . , ν, for k = , , . . . , m j - and j = , , . . . , s. Now define the functions
Theorem . Under the condition
(.), V (k) (t, λ j ) ∈  (q N ) for k = , , . . . , m j -; j = , , . . . , s, but V (k) (t, λ j ) / ∈  (q N ) for k = , , . . . , m j -; j = s + , s + , . . . , ν.
Proof By using E(t, λ) = e(t, arccos
where H is a constant. Using (.), we also have
ln q Im z j . Then we get,
It follows from (.) and (.) that
. . , m j - and j = , , . . . , s. Now, we will use (.) for the principal vectors corresponding to the spectral singularities of L for λ j =  √ q cos z j and j = s + , s + , . . . , ν.
Then we have 
where 
